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Efficient Cell-Vertex Upwind Scheme for the
Two-Dimensional Euler Equations
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The accuracy and efficiency of a cell-vertex upwind scheme are investigated. Upwinding is achieved by an
unequal distribution of the transformed flux balances to the vertices of a computational cell. The equations are
rotated with respect to the local velocity vector to determine the upwinding directions. Fourth differences
background dissipation is added to ensure convergence, and time integration is performed using a five-stage
Runge-Kutta scheme. The background dissipation is scaled by the appropriate eigenvalues, and convergence
toward steady state is accelerated by employing upwind implicit residual smoothing and multigrid. The scheme
is second order accurate in space at steady state, and it yields very accurate results on significantly coarse meshes.
Thus its efficiency is competitive with that of central-differencing schemes using multigrid acceleration.

Introduction

D URING the last years, considerable effort has been con-
centrated on the development of cell-vertex upwind

schemes. The basic idea of all schemes developed thus far is to
employ an unequal distribution of the flux balances to the
vertices of the computational cells. Differences arise from the
particular strategy employed to achieve the distribution of flux
balances to the vertices. In Ref. 1 a multidimensional ap-
proach according to Hirsch et al.2 was used to achieve a
diagonalization of the flux Jacobians independently of the
direction of the grid coordinates. Simple wave solutions to the
governing equations were considered in Ref. 3 to obtain the
direction of wave propagation to be used for the distribution
process. A splitting in streamwise and crossflow directions was
employed in Refs. 4 and 5 to determine the weighting coeffi-
cients. These methods have been called fluctuation splitting,3
upwind control volumes,4 or flux balance splitting5 schemes.
Concerning the use of the flow direction as guidance for the
upwinding process, it is interesting to note that streamwise and
crossflow directions were already used in cell-centered
schemes to establish grid-independent upwind schemes.6'7

For those interested in steady-state solutions, an essential
feature of numerical schemes is the convergence toward steady
state. This becomes crucial for upwind schemes, since upwind
operators usually require more computational work per grid
point. Slow convergence can make the use of such schemes
prohibitive for practical use, even if they provide more accu-
rate solutions than central-differencing methods. This holds
especially if central-differencing schemes are combined with a
multigrid acceleration technique, since the rapid convergence
established with these methods allows the use of fine meshes to
counterbalance the lower accuracy. Therefore, care must be
taken to establish adequate acceleration techniques to enhance
the convergence of upwind schemes, if they should be compet-
itive with central-differencing schemes.

In this contribution, the efficiency of the flux balance split-
ting cell-vertex upwind scheme according to Ref. 5 will be
enhanced. The fourth differences background dissipation
needed in the scheme will be replaced by a matrix dissipation
to establish scaling of the dissipation by the appropriate eigen-
values. The convergence of the scheme will be augmented by
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the implementation of a recently developed implicit upwind
residual smoothing technique following Ref. 8. Increasing the
convergence properties is vital since the computational work
involved in the upwinding process of the flux balances is
considerable. Furthermore, the multigrid technique is used to
accelerate convergence. The combination of matrix dissipa-
tion, upwind implicit smoothing, and multigrid will be investi-
gated, and a comparison with a central-differencing cell-vertex
scheme with multigrid acceleration following Ref. 9 will be
made.

Basic Idea of Flux Balance Splitting
The basic idea of flux balance splitting will be explained by

an outline of the one-dimensional flux balance splitting
scheme according to Ref. 5. For the one-dimensional case, no
conceptual difficulties arise, since the one-dimensional Euler
equations may be completely diagonalized. The one-dimen-
sional Euler equations in conservation form read

dt dx (1)

and the flux Jacobian A is defined by
dF_ = dW = dF
dx~ dx' dW

Using the left and right modal matrices M~l and M, which
Opnsist of the left and right eigenvectors of the flux Jacobian
A, the system of Eq. (1) may be decoupled using the transfor-
mation

wjiere A is_the diagonal matrix containing the eigenvalues of
A. Since A =M~1AM

In a one-dimensional cell-vertex scheme, the discrete flow
quantities are located at the nodes of the one-dimensional
grid, as sketched in Fig. 1. The discretization of Eq. (1) for
each cell / + Vi with volume Vi+1/2 yields

dt
1

(4)

The conservative flux balance Qi+ ./2 of cell / + */2 is defined by

Qi + !/2 =fi+lSi+i— FjSf (5)
278
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where the flux Jacobians are defined by

x location of flow variables in 1-D mesh
Fig. 1 Sketch of one-dimensional control volume.
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Fig. 2 Distribution of characteristic flux balances.

where Sf is the area of the cross section at node /. The conser-
vative flux balances Qi+y2 are transformed into, characteristic
flux balances using the local left modal matrix M ~ 1 according
toEq. (3):

C/ + i/2 = (6)

Each cell sends its characteristic flux balances C/+i/2 to the
downwind node. The downwind node is determined by the
sign of the eigenvalue corresponding to the particular charac-
teristic flux balance. Figure 2 gives a sketch of distributions of
characteristic flux balances for subsonic and supersonic flows.
The distribution step provides weighted characteristic flux
balances Cf+ l/2 and Cf+ ,/2 for the left and right node, respec-
tively. From t'hese, weighted conservative flux balances may
be calculated by the inverse transformation with the right
modal matrix M:

(7)

The contributions of left and right cells are summed up to
yield the conservative flux balance Qt at a node, and thus the
numerical analog of Eq. (1) at a node / reads

(8)

where V, = O J . ( K , _ H + K / + H ) .
The scheme is formally first order accurate; however, in

Ref. 5, it was shown that at steady state it yields second-order-
accurate solutions, despite the use of one-sided, two-point-
difference formulas. It usually captures a shock within one cell
without any pre- and postshock oscillations.

Solution of the Two-Dimensional Euler Equations

Governing Equations
The two-dimensional Euler equations in conservation form

are given by
3W dF 3G
dt dx + dy (9)

dF = dW
dx ~ x dx9

8G

Ax~
dF

_
y~ dW

In contrast to the one-dimensional Euler equations, a com-
plete decoupling of the system of Eqs. (9) is not possible, since
the matrices Ax and Ay do not commute. Physically, this may
be explained by observing that in multidimensional flows in-
formation is propagated in infinitely many directions. Never-
theless, Eq. (9) may be transformed with respect to arbitrary
directions. For example, a transformation with respect to the
x directioa using the left modal matrix M~ 1 of the flux
Jacobian A x yields

dp- dG (10)

Spatial Discretization
For the two-dimensional scheme a structured mesh with

quadrilateral cells is considered. The flow quantities are lo-
cated at the cell vertices, as sketched in Fig. 3. Discretization
of Eq. (9) for a cell i + l/2, j + Vi yields

/ + 1/2, j + 1/2 /+>/!,./+ ^•a+*. (11)
where the numerical integration to obtain the flux balance
Qi.+ y2,j+y2 is evaluated by the trapezoidal rule. Since the
two-dimensional Euler equations may not be completely de-
coupled, no mathematical guidance for the choice of appro-
priate directions for the distribution of the flux balances to-
ward the cell vertices is available. According to Ref. 5 the local
velocity vector is chosen to determine the upwinding direc-
tions. The equations are rotated into a coordinate frame
aligned with the local flow velocity. The flux balances
Qi+Kj+K are transformed into characteristic flux balances
using the left modal matrix M~l of the stream wise direction.
The characteristic flux balances are distributed to the vertices
of the particular cell using the sign of the corresponding
eigenvalues. After the distribution step, the inverse transfor-
mation is performed with the streamwise right modal matrix
Ms. but only contributions to the continuity, streamwise mo-
mentum, and energy equations are retained; the contribution
to the crossflow momentum equation is discarded. The whole
process is repeated using the crossflow direction, but after the
inverse transformation all contributions except those to the
normal momentum equation are discarded. The scheme de-
scribed thus far is very similar to the upwind control volume
approach4 for unstructured meshes. However, there no dis-
tinction is made between the upwinding in streamwise and
crossflow directions, whereas in the flux balance splitting5 the
crossflow upwinding contributes only to normal momentum.
Numerical experiments on the structured meshes employed
here showed this strategy to be more robust. Note that for the
crossflow direction the linear eigenvalues vanish, and only + c
and - c remain as eigenvalues, where c is the speed of sound.

M+1

Fig. 3 Sketch of two-dimensional control volume.
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To determine the weighting coefficients for the distribution
of the characteristic flux balances, the coordinates of the cell
vertices of a particular cell are projected onto the local velocity
vector, yielding projected coordinates f as sketched in Fig. 4.
For information propagation into streamwise direction, i.e.,
positive eigenvalues, the most upstream node has the weight
zero, and advancing downstream the weight increases linearly.
For conservation the sum of the weighting coefficients is al-
ways unity. For negative eigenvalues the weighting process is
reversed. In crossflow direction the same process is applied
using the direction normal to the local flow velocity.

The discrete analog of Eq. (9) at node i9J is obtained by
collecting the contributions of all cells surrounding that node:

where

(12)

- '/2 , j - '/2 + Vi + 1/2 , j - 1/2 +' Vi + 1/2 , j + 1/2 + Vi _ 1/2 , j + l/2)

and Qij is given by the sum of the contributions of the four
cells surrounding node ij.

In the one-dimensional flux balance .splitting scheme, the
discrete equations have been directly integrated in time. How-
ever, in the two-dimensional case, numerical Oscillations oc-
curred that prevented convergence to machine zero or even
lead to divergence. Since the linear eigenvalues in the cross-
flow direction vanish, the damping provided by the remaining
two equations with eigenvalues + c and - c is insufficient.
Furthermore, in contrast to the one-dimensional scheme, pos-
itivity is not insured (see Ref . 3), and the integration of Eq.
(12) may become unstable. To remedy this problem, an artifi-
cially constructed dissipative term has to be added, and in Ref.
5 fourth differences of the dependent variables are used to
provide a third-order background dissipation. Denoting the
dissipative term by />, Eq. (12) then becomes

with
reads

(13)

called the residual at node i,j. The dissipative term

(14)

where £ and r; are the curvilinear coordinates in the direction
of the computational coordinates / arid y, respectively. The
fourth difference operator in the £ direction, for example, is
defined as

(15)

where A$ and V$ are forward and backward difference opera-
tors in the £ direction. The operator for the 77 direction is
defined in a similar manner. In the original scheme5 the scaling
factor X is chosen according to the work of Jameson et al.10 as

(16)

where X$ and X,, aje proportional to the largest eigenvalues
of the Jacobians A and 'A:

(17)

where q is the local velocity vector, and S$ and 5, represent cell
face vectors. The coefficient e(4) in Eq. (15) contains a user-
specified constant A:(4) to control the amount of dissipation,
and via a pressure switch the fourth differences dissipation is
switched off at shocks. Note that in contrast to the usual
dissipation model of Ref. 10 no second differences dissipation
is included, since the distribution of flux balances accounts for
the shock capturing.

In this study the scalar dissipation used in Ref. 5 is replaced
by a matrix dissipation model according to Ref. 11. The scalar
X,+ ./2 j; containing the largest eigenvalue is replaced by matrices
corresponding either to the £ or 17 direction:

(18)

The matrices A % and A ^ are defined using the Jacobians A %
and Ar, corresponding to the J and rj directions, respectively:

£; •/+ l/2,y =' \A ^ i+ 1/2 J ' 5 ;̂ / + l/2J\

(19)

Fig. 4 Projection of coordinates on flow direction.

Employing a matrix-valued dissipation, one finds that the
amount of artificial viscosity is now individually scaled by the
eigenvalues corresponding to the characteristic equations of
the different coordinate directions. Consequently, the amount
of dissipation is considerably lower compared with the scaling
with the largest eigenvalue; in combination with a central-dif-
ferencing discretization its use closely resembles an upwind
scheme. The use of a matrix instead of a scalar requires
additional computational work; however, in Ref. 11 a very
efficient way to achieve this multiplication has been derived.
In Ref. 5 it was shown that even with the addition of the
dissipative operator the flux balance splitting scheme is still
second order accurate at steady state.
Time-Stepping Scheme

The system of ordinary differential equations that is ob-
taine(J by the space discretization is advanced in time by a
five-stage Runge-Kutta scheme. The dissipative operator is
evaluated only in the first stage and then is frozen for the
remaining stages. The steady-state solution is independent of
the time step, and therefore the scheme is amenable to conver-
gence acceleration techniques. The methods employed are lo-
cal time stepping, implicit residual smoothing, and multigrid.

With local time stepping, the solution at each mesh point is
advanced at the maximum At allowed by stability.

The stability range of the basic time-stepping scheme can be
extended using implicit smoothing of residuals. In Ref. 5 the
technique recommended in Ref. 12 was used. This smoothing
technique replaces the residual of a given grid point by a
centrally weighted average of the neighboring residuals. In the
/ direction, the smoothing reads

-•€*/_ ij + (1 + 2e)Ru - eRi+ u = RtJ (20)

where R denotes the smoothed residual and e is the smoothing
coefficient. In two dimensions the smoothing is applied in
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product form, i.e., the residual obtained from the smoothing
in the / direction is smoothed with the same technique in they
direction. The use of this central smoothing technique permits
roughly doubling the CFL number of the basic explicit time-
stepping scheme, and CFL numbers of about 7.5 are used in
combination with a five-stage Runge-Kutta scheme.

To improve both damping and convergence characteristics
of multistage time-stepping schemes, particularly in connec-
tion with upwind spatial differencing operators, scientists
have recently developed upwind-biased implicit residual
smoothing techniques (see Ref. 8). In contrast to the centrally
weighted residual smoothing, the residuals are smoothed using
a one-sided operator based on wave propagation directions.
This can be accomplished by splitting the residual in Eq. (20):

+R,j =0
(21)

where R + and R ~ denote contributions of the residual 1?
corresponding tP positive and negative eigenvalues of the
flux Jacobians A$ or A^ depending on the coordinate direc-
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Fig. 7 Comparison of pressure distribution (FBS/central).
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Fig. 5 Pressure distribution of FBS with scalar dissipation.
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tion in which the smoothing is applied. For a smoothing in the
i direction, the term R + is calculated as

(22)

where A + is a diagonaLmatrix containing the positive eigen-
values of the Jacobian A% all set to 1 and the negative eigen-
values set to zero; R ~ is evaluated by R: ~ =R - R + .

Upwind-implicit smoothing is now applied independently to
R + and R ~ :

(23)

Equation (23) can easily be solved by backward and forward
substitution, respectively. After smoothing positive and nega-
tive components of the residual, these are simply added to give
the complete, smoothed residual

+ ̂ i•u (24)

o 250 Cycles soo 750
Fig. 6 Convergence histories of FBS with scalar dissipation.

The splitting of the residual in Eq. (22) can be performed
efficiently using the technique given in Ref. 11. In combina-
tion with a five-stage scheme using optimized coefficients for
a first-order upwind scheme according to Ref. 13 and the flux
balance splitting discretization, CFL numbers of 20.5 are ob-
tained.

For further convergence acceleration, a multigrid technique
according to Ref. 14is used. For the multigrid process, coarser
meshes are created by eliminating successively every second
mesh line in each coordinate direction. The solution is trans-
ferred to coarser meshes by injection. Residuals are trans-
ferred from fine to coarse meshes by a weighted average over
the fine mesh points closest to the point on the coarse mesh. A
forcing function is constructed such that the solution on the
coarse mesh is driven by the residuals collected on the fine
mesh. This procedure is repeated until the coarsest mesh is
reached. Then, corrections are transferred to the next finer
mesh using bilinear interpolation. A fixed W-cycle with four
grid levels is used to execute the multigrid strategy. The dis-
cretization with the flux balance splitting technique combined
with the upwind-implicit smoothing is applied on all four grid
levels.

Results
Results will be shown for the transonic flow around the

NACA 0012 airfoil at M^ = 0.8 and a = 1.25 deg. For these
freestream conditions, a shock of considerable strength occurs
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Fig. 8 Comparison of convergence histories (FBS/central).
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Fig. 9 Comparison of total pressure losses (FBS/central).

on the upper surface, whereas on the lower surface a very
weak shock develops. This problem serves as a well-suited test
case since it will reveal the properties of a particular scheme to
capture shocks of different strength. Besides the ability to
capture shock waves, the accuracy of a numerical scheme can
be assessed by considering total pressure losses. Ahead of the
shock waves, total pressure losses (or gains) should be zero,
and their occurence may be attributed directly to numerical
errors. In the following, first the flux balance splitting scheme
with scalar background dissipation will be investigated in com-
bination with upwind implicit smoothing and multigrid. Sec-
ond, the influence of the matrix dissipation on accuracy and
convergence will be shown. For comparison, results of the
cell-vertex central-differencing scheme with multigrid acceler-
ation of Ref. 9 will be used. All calculations were performed
on a Cray YMP computer.

Flux Balance Splitting with Scalar Dissipation
Figure 5 displays the pressure distribution for the NACA

0012 at Mo, = 0.8 and a =.1.25 deg obtained with the flux
balance splitting (FBS) scheme. The computational grid has an
O-topology with 128 cells around the airfoil and 24 cells in
normal direction. The user-specified constant k(4) of the
fourth differences background dissipation was set to 1/64.
The shocks on the upper surface as well as the weak shock on

the lower surface are both captured within almost one cell. In
Fig. 6 the convergence histories of the FBS scheme with differ-
ent acceleration techniques are shown. The computation was
stopped when the residual decreased to 10 ~5 . The use of
upwind-implicit smoothing (UIRS) reduces the number of
time steps by roughly a factor of 3 compared with the case
with central-implicit smoothing (CIRS). This reduction corre-
sponds almost directly to the increase of the CFL number
from 7.5 to 20.5. Both smoothing techniques were employed
in each stage of the Runge-Kutta scheme, and the smoothing
coefficients were set to e = 0.5 and 1.5 for CIRS and UIRS,
respectively.

Implementing multigrid additionally reduces the number of
required cycles by almost a factor of 4 compared with UIRS
and a factor of 14 compared with CIRS. In the figure a table
with computation times is included. Applying UIRS reduced
the necessary computation time by a factor of 2 and the
multigrid by roughly a factor of 4 compared with the basic
scheme.

Figure 7 shows pressure distributions obtained with FBS
and with a central-difference cell-vertex scheme. The results of
the central-differencing scheme are, however, obtained on a
160 x 32 mesh. The coefficients of the artificial dissipation are
set to A:(4) = 1/64 for the fourth differences and to fc(2) = 1 for
the second differences dissipation necessary to capture shock
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Fig. 10 Convergence history of FBS with matrix dissipation.
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Fig. 11 Pressure distribution of FBS with matrix dissipation.
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waves with the central scheme. In spite of the finer mesh, the
shocks are still smeared by the central scheme, especially the
weak shock on the lower surface. Figure 8 shows a comparison
of the convergence rates for the methods on these meshes.
Because of multigrid acceleration, convergence rates of the
schemes do not differ significantly. The somewhat better con-
vergence rate of the FBS scheme is caused by the use of
upwind-implicit smoothing. A comparison of computation
times shows that the FBS scheme requires about 1.5 times the
CPU time needed by the central scheme. Figure 9 displays
total pressure losses on the airfoil contour for both schemes.
In general it can be stated that the accuracy of the FBS scheme
is higher compared with the central scheme; only at the leading
edge do both schemes show the same peak in total pressure
rising to about 1.8%..

Flux Balance Splitting with Matrix Dissipation
When the matrix dissipation is used, the amount of numer-

ical viscosity is reduced due to the scaling with appropriate
eigenvalues, and more accurate solutions are expected. How-
ever, reducing the amount of numerical dissipation also re-
duces the high-frequency damping properties, which are essen-
tial for the multigrid algorithm. Figure 10 shows convergence
rates for the FBS scheme and matrix dissipation with implicit
upwind smoothing and multigrid. The constant &(4) is kept to
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Fig. 12 Total pressure losses of FBS with matrix dissipation.
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Fig. 14 Pressure distribution for FBS (coarse mesh)/central (fine
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Fig. 15 Total pressure losses for FBS (coarse mesh)/central (fine
mesh).

1/64 as in the scalar case. For the multigrid scheme, the
number of required cycles increased from 58 for the scalar
dissipation to 87 for the matrix dissipation. The execution of
one time step with matrix dissipation required only about 10%
more CPU time than in case of using scalar dissipation.

Figure 11 shows the pressure distribution obtained with
matrix dissipation. Note that the shock capturing is almost not
affected, since the fourth differences dissipation is switched
off at shocks. Regarding the total pressure losses in Fig. 12,
the effect of matrix dissipation becomes clearly visible. Com-
pared with the scalar dissiption, total pressure losses are re-
duced by a factor of 3 to 4.

The results using matrix dissipation demonstrated the bene-
fit in accuracy; however, the price is a degradation of conver-
gence due to the reduced high-frequency damping. To exploit
the higher accuracy, a mesh of 80 x 16 cells was used. Figure
13 shows the convergence rates using UIRS with and without
the multigrid. The convergence with multigrid is similar to
that obtained on the 128 x 24 grid. However, expressed in
terms of CPU time, the multigrid offers no advantage with
respect to UIRS alone. Because of this coarse mesh, large time
steps are possible, and UIRS alone provides already good
convergence rates. Since the CPU time needed for a W-multi-
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grid cycle is considerable compared with a single mesh time
step, on this coarse mesh UIRS alone performs better with
respect to CPU time than with multigrid acceleration. How-
ever, with multigrid the convergence does not degrade when
finer meshes are employed, as can be seen from the conver-
gence history of UIRS with multigrid on a 160 x 32 mesh,
which has been included in Fig. 13. Therefore, on finer meshes
the multigrid still offers its advantages.

The pressure distribution obtained with FBS for this case on
the 80 x 16 mesh is displayed in Fig. 14. The shocks are still
captured within one cell. Also displayed are the results of the
central-differencing scheme on a mesh with 256 x 48 mesh
points. The results of the FBS scheme on the 80 x 16 mesh
agree favorably with these results.

Figure 15 shows total pressure losses computed with both
schemes on the different meshes. The numerical errors in both
cases are in the range of 0.5% at the leading edge and between
0.1 and 0.2% ahead of the shock. Figures 14 and 15 show that
with FBS the same accuracy may be obtained on a mesh with
about 10 times less mesh points than required for the central-
differencing scheme. Computation time for the FBS scheme
was 7.6 s with UIRS alone compared with 25 s for the central
scheme with the multigrid, where convergence was reached
after 99 cycles.

Conclusions
The accuracy and efficiency of a cell-vertex upwind scheme

according to Ref. 5 were investigated and improved. The
convergence of the scheme was substantially enhanced by
applying an implicit upwind residual smoothing technique and
a multigrid algorithm. Furthermore, the original scalar fourth
differences background dissipation was replaced by a matrix
dissipation. The scheme had remarkable shock-capturing ca-
pabilities,' even for very weak shocks. Since the background
dissipation is switched off at shocks, the shock-capturing pro-
perties are almost independent from the background dissipa-
tion. The matrix dissipation reduced the total pressure losses
on the contour by factors of 3 to 4. Application of the upwind-
implicit smoothing allowed CFL numbers of 20.5 to be used,
thus reducing the number of time steps required to reach
steady state by a factor of 3. Especially in combination with
the scalar dissipation, the multigrid further enhanced the effi-
ciency, and convergence rates comparable to central schemes
with multigrid were established. The use of matrix dissipation
slightly degraded the convergence rates due to the lower high-
frequency damping. In a final study, a very coarse mesh was
used to demonstrate the benefit in accuracy provided by the
flux balance splitting scheme with matrix dissipation. Even on

this coarse mesh, total pressure losses due to numerical errors
were less than 1%. Compared with a central-differencing cell-
vertex scheme, a mesh with almost 10 times fewer grid points
could be used to obtain the same level of accuracy. This leads
to a reduction in CPU time by a factor of 3.
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